Abstract. A subset C of the vertex set of a graph Γ is called a perfect code in Γ if every vertex of Γ is at distance no more than 1 to exactly one vertex of C. A subset C of a group G is called a perfect code of G if C is a perfect code in some Cayley graph of G. In this paper we give sufficient and necessary conditions for a subgroup H of a finite group G to be a perfect code of G. Based on this, we determine the finite groups that have no nontrivial subgroup as a perfect code, which answers a question by Ma, Walls, Wang and Zhou.
Introduction
In the paper, all groups considered are finite, and all graphs considered are finite, undirected and simple. A subset C of the vertex set of a graph Γ is called a perfect code [7] in Γ if every vertex of Γ is at distance no more than 1 to exactly one vertex of C (in particular, C is an independent set of Γ). In some references, a perfect code is also called an efficient dominating set [2] or independent perfect dominating set [8] .
In the study of perfect codes in graphs, special attention has been paid to perfect codes in Cayley graphs [3, 2, 4, 5, 10, 11, 12] , which generalize perfect codes in many classical settings including Hamming codes and Lee codes. Denote by e the identity element of any group. For a group G and an inverse-closed subset S of G \ {e}, the Cayley graph Cay(G, S) on G with connection set S is the graph with vertex set G such that x, y ∈ G are adjacent if and only if yx −1 ∈ S. If a subset C of G is a perfect code in some Cayley graph of G, then C is called a perfect code of G.
The problem whether a subgroup is a perfect code of the group has attracted notable attention. Given a normal subgroup H of a group G, a sufficient and necessary condition for H to be a perfect code of G was given in [6] as follows (we have replaced g and gh in the statement of [6, Theorem 2.2] with x and y respectively).
Proposition 1.1. [6, Theorem 2.2] Let G be a group and H be a normal subgroup of G. Then H is a perfect code of G if and only if for each x ∈ G such that x 2 ∈ H, there exists y ∈ xH such that y 2 = e.
As an application of this result, the subgroup perfect codes of cyclic groups were completely determined in [6] . It turns out that a subgroup H of a cyclic group G is a perfect code of G if and only if either |H| or |G/H| is odd (see [6, Corollary 2.8]). The authors in [6] also classified the subgroup perfect codes of dihedral groups (see [6, Theorem 2.11] ). Recently, the subgroup perfect codes of generalized quaternion groups were classified in [9] (see [9, Theorem 1.7] ). Recall that a generalized quaternion group is a group of order 4n for some integer n 2 with presentation a, b | a 2n = e, b 2 = a n , a b = a −1 . In this paper, we give a sufficient and necessary condition for a general subgroup H of a group G to be a perfect code of G. Note that for a subgroup H of a group G, an inverse-closed right transversal of H in G is also a left transversal of H in G. Theorem 1.2. Let G be a group and let H be a subgroup of G. Then the following are equivalent: (a) H is a perfect code of G; (b) there exists an inverse-closed right transversal of H in G; (c) for each x ∈ G such that x 2 ∈ H and |H|/|H ∩ H x | is odd, there exists y ∈ Hx such that y 2 = e; (d) for each x ∈ G such that HxH = Hx −1 H and |H|/|H ∩ H x | is odd, there exists y ∈ Hx such that y 2 = e; (e) for each x ∈ G \ H such that x 2 ∈ H and |H|/|H ∩ H x | is odd, there exists an involution in Hx; (f) for each x ∈ G \ H such that HxH = Hx −1 H and |H|/|H ∩ H x | is odd, there exists an involution in Hx.
We remark that if H is a normal subgroup of G then |H|/|H ∩ H x | = 1 and Hx = xH for each x ∈ G. Thus the sufficient and necessary condition in Proposition 1.1 is statement (c) of Theorem 1.2 in the special case when H is normal in G.
A group G is said to be code-perfect if every subgroup of G is a perfect code of G. Ma, Walls, Wang and Zhou proved that a group G is code-perfect if and only if it has no elements of order four [9, Theorem 1.1]. As a natural question in the counterpart, they also proposed to study which groups have no nontrivial proper subgroup perfect code (see the paragraph after Theorem 1.5 of [9] ) and proved that cyclic 2-groups are examples of such groups [9, Theorem 1.6]. Our next main result completely answers this question by showing that a group has no nontrivial proper subgroup as a perfect code if and only if it is a cyclic 2-group or a generalized quaternion 2-group. Theorem 1.3. Let G be a nontrivial group. Then the following are equivalent: (a) G has no nontrivial proper subgroup as a perfect code; (b) G is a 2-group with a unique involution; (c) G is either a cyclic 2-group or a generalized quaternion 2-group.
The rest of this paper is organized as follows. In Section 2 we prove Theorem 1.2 and list some of its corollaries. Based on this, we then prove Theorem 1.3 in section 3. 
Proof. Since |HxH|/|H| = |Hx −1 H|/|H| = m, it follows from our convention that both HxH and Hx −1 H are regarded as a set of m vertices of Γ. If HxH = Hx −1 H, then Γ x has vertex set HxH, and we see from (1) Then Σ is a spanning subgraph of Γ, and each vertex of Σ has valency 0 or 1. Consider the subgraph Σ x of Σ induced by the vertex set V (Γ x ) of Γ x . It follows that each vertex of Σ x has valency 0 or 1. Moreover, we deduce from x 2 ∈ H that HxH = Hx −1 H, and so Lemma 2.1 asserts that Γ x = K m with m = |H|/|H ∩ H x |. As a consequence, |V (Σ x )| = |V (Γ x )| = m is odd. Therefore, Σ x has an isolated vertex, say, Hz with z ∈ S. Since Σ x is the subgraph of Σ induced by V (Γ x ) while Γ x is a connected component of Γ, it follows that Hz is an isolated vertex of Σ, which means that z 2 = e. As Hz ∈ V (Γ x ), we have z ∈ HxH and hence z = h 1 xh 2 for some h 1 , h 2 ∈ H. Take y = h 2 zh −1 2 = h 2 h 1 x ∈ Hx. Then we deduce from z 2 = e that y 2 = e. This shows that (c) holds. Next we prove (c)⇒(d). Suppose that (c) holds. Let x ∈ G such that HxH = Hx −1 H and |H|/|H ∩ H x | is odd. Then x −1 ∈ HxH, which means that there exist h 1 , h 2 ∈ H with x −1 = h 1 xh 2 . This yields (h 1 x) 2 = h 1 h −1 2
and so (h 1 x) 2 ∈ H. Moreover, since H h 1 x = H x , we see that |H|/|H ∩ H h 1 x | = |H|/|H ∩ H x | is odd. Hence statement (c) implies that there exists y ∈ Hh 1 x with y 2 = e. Note that Hh 1 x = Hx. We then conclude that (d) holds. Now we embark on the proof of Finally, observe that (c)⇔(e) and (d)⇔(f). We conclude that Theorem 1.2 is true.
As a first corollary of Theorem 1.2, we verify a result in [9] stating that every group of odd order is code-perfect.
Corollary 2.2. [9, Corollary 1.2] Let G be a group of odd order and let H be a subgroup of G. Then H is a perfect code of G.
Proof. Let x ∈ G such that x 2 ∈ H. Since |G| is odd, the element x has odd order. Thus the condition x 2 ∈ H implies that x ∈ H. Take y = e. Then y ∈ H = Hx and y 2 = e. This shows that statement (c) of Theorem 1.2 holds, and so H is a perfect code of G.
Note in Theorem 1.2 that if |H| is a power of 2, then |H|/|H ∩ H x | is odd if and only if x ∈ N G (H). We then obtain the following corollary of Theorem 1.2. Corollary 2.3. Let G be a group and let H be a 2-subgroup of G. Then the following are equivalent: (a) H is a perfect code of G; (b) for each x ∈ N G (H) such that x 2 ∈ H, there exists y ∈ Hx such that y 2 = e; (c) for each x ∈ N G (H) \ H such that x 2 ∈ H, there exists an involution in Hx.
A further corollary as follows says that every Sylow 2-subgroup is a perfect code.
Corollary 2.4. Let G be a group and let H be a Sylow 2-subgroup of G. Then H is a perfect code of G.
Proof. Let H be a Sylow 2-subgroup of G. Suppose that there exists x ∈ N G (H) \ H such that x 2 ∈ H. Then H, x = H ∪ Hx with H ∩ Hx = ∅. However, this implies | H, x | = 2|H|, contradicting the condition that H is a Sylow 2-subgroup of G. Hence there is no x ∈ N G (H) \ H such that x 2 ∈ H. Thereby statement (c) of Corollary 2.3 holds, and so H is a perfect code of G.
Proof of Theorem 1.3
It is well-known that if G is a 2-group with a unique involution, then G is either a cyclic group or a generalized quaternion group (see [1, 105 Theorem VI]). Conversely, if G is a cyclic 2-group or a generalized quaternion group 2-group, then G has a unique involution. This is obvious if G is cyclic, and is true if G = a, b | a 2n = e, b 2 = a n , a b = a −1 is a generalized quaternion group since the elements outside the cyclic subgroup a all have order 4. Thus we have the following lemma.
Lemma 3.1. Let G be a group. Then G is a 2-group with a unique involution if and only if G is either a cyclic 2-group or a generalized quaternion 2-group.
We are now in a position to prove Theorem 1.3.
Proof of Theorem 1.3. The equivalence of (b) and (c) follows from Lemma 3.1. It remains to show that (a)⇔(b). This is obvious if |G| = 2. Thus we assume |G| > 2 in the rest of the proof.
First suppose that (a) holds, that is, G has no nontrivial proper subgroup as a perfect code. Then Corollary 2.2 implies that |G| is even. Let P be a Sylow 2-subgroup of G. Then P is nontrivial, and Corollary 2.4 asserts that P is a perfect code of G. This leads to P = G, which means that G is a 2-group. We then derive from Corollary 2.3 that for each nontrivial proper subgroup H of G, there exists x ∈ N G (H) \ H with x 2 ∈ H such that Hx has no involution. Let |G| = 2 m , where m 2 is an integer. Take H 1 to be any subgroup of order 2 in G. Suppose we have a subgroup H i of order 2 i in G for some i ∈ {1, . . . , m − 1} such that H i has a unique involution. Then there exists x i ∈ N G (H i ) \ H i with x 2 i ∈ H i such that H i x i has no involution. Now take H i+1 = H i , x i . It follows that H i+1 = H i ∪ H i x i is a group of order 2|H i | = 2 i+1 , and each involution of H i+1 lies in H i and so is a unique involution of H i+1 . By induction, we then obtain a subgroup H m of order 2 m in G such that H m has a unique involution. Since |H m | = 2 m = |G|, this implies that G = H m has a unique involution, as (b) states.
Next suppose that (b) holds, that is, G is a 2-group with a unique involution. Let H be a nontrivial proper subgroup of G. Then there exists a subgroup K of G such that H < K and |K| = 2|H|. In particular, H is normal in K. Take x ∈ K \ H. Then K = H ∪ Hx with H ∩ Hx = ∅, and x ∈ N G (H) \ H with g 2 ∈ H. Moreover, since H has an involution and the involution of G is unique, we infer that there is no involution in Hx. Hence by Corollary 2.3, H is not a perfect code of G. This shows that G has no nontrivial proper subgroup as a perfect code, as (a) states, which completes the proof.
